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EXISTENCE OF RADIAL SOLUTIONS TO BIHARMONIC A; -HESSIAN 

EQUATIONS 

CARLOS ESCUDERO, PEDRO J. TORRES 


Abstract. This work presents the construction of the existence theory of ra¬ 
dial solutions to the elliptic equation 

A\ = (-l)'=5'fe[u] + Xf{x), X G Bi(0) C 
provided either with Dirichlet boundary conditions 

u = dnU = 0, X £ dBi{Q), 
or Navier boundary conditions 

u = Alt = 0, X € dBi(0), 

where the fc—Hessian 5i![u] is the fc**' elementary symmetric polynomial of 
eigenvalues of the Hessian matrix and the datum / G L^(Bi(0)) while A G R. 
We prove the existence of a Caratheodory solution to these boundary value prob¬ 
lems that is unique in a certain neighborhood of the origin provided |A| is small 
enough. Moreover, we prove that the solvability set of A is finite, giving an 
explicity bound of the extreme value. 


1. Introduction 

This work is devoted to the study of the existence of radial solutions to elliptic 
equations of the form 

( 1 ) A\ = (-l)^Sk[u] + Af(x), xeB,(0)cR^, 

where N, k G N, A G M and / : Bi(0) C —)• M is an absolutely integrable 
function. The first term in the right hand side of ([B is the A:— Hessian = 

crfc(A), where 

^ ^ ' ' '-^iki 

is the A;*^ elementary symmetric polynomial and A = (Ai, • • • , A„) is the set of 
eigenvalues of the Hessian matrix {D‘^u). In other words, <S'fc[ri] is the sum of the 
principal minors of the Hessian matrix. We will always focus on the range 
2 < k < N, since equation ([T]) is linear for A: = 1, and we are interested in 
nonlinear boundary value problems. 
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The motivation to study equation ([T]) comes from different sources. In the first 
place we can cite the impressive development of analytical results concerning the 
fully nonlinear boundary value problems 

Sk[u\ = f, 

as well as related problems, that has appeared in the last decades |[6l l2^ IMl l27l 

|2ll[2i|30l[3ll|32l[32[Sll35l[3ai32l[211|33 Particular cases of the /c—Hessian 
equation include the Poisson equation 

-Au = f, 

fork = 1 , and the Monge-Ampere equation Hill 

det{D^u) = /, 

for k = N. 

This work is also motivated by the theory of biharmonic boundary value prob¬ 
lems. Although they have been studied much less frequently than their harmonic 
equivalents, they are present in many different applications and possess an inherent 
theoretical interest. The current knowledge of fourth order elliptic equations has 
considerably grown in recent times ll22ll . but still it is not comparable to the stage of 
development of the theory concerning harmonic boundary value problems. Bihar¬ 
monic boundary value problems studied so far include different nonlinearities, see 
for instance ffiEllllIIOKnillOlEIllISl- Nevertheless, to our knowledge, Hessian 
nonlinearities were considered for the first time in ifT^ . On one hand, it is natural to 
consider fourth order equations with nonlinearities that involve the second deriva¬ 
tives of the solution. And in turn it is natural to consider for these nonlinearities 
the A:—Hessians, since the Hessian matrix has exactly N tensorial invariants, which 
are the N different A:—Hessians. Consequently one of our objectives is to push for¬ 
ward the existence theory that concerns this type of problems ifldlfTSlfT^fTTlfT^ . 
which, as discussed, arises rather naturally within the theory of fourth order bound¬ 
ary value problems. 

We can still mention one source of inspiration more. It is the presence of these 
equations in the fields of condensed matter and statistical physics ifT^ [TSl . Al¬ 
though the present work is devoted to the construction of mathematical theory 
rather than modeling or the exploration of new applications, we will briefly men¬ 
tion some potential implications of our results in physics in our last section. 

To be concrete, we will concentrate on the bihai'monic boundary value problem 

(2) = (-l)^5fe[u] + A/(x), X e Hi(0) C 

u = dnU = 0, X S (9Hi(0), 

which we denote as the Dirichlet problem for partial differential equation ([Til, and 
also 

(3) A'^u = i-l)^ Sk[u] + \f{x), X G Hi(0)cM^, 

tt = Ati = 0, X G (9Hi(0), 

which we denote as the Navier problem for partial differential equation ([U). 
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The paper is organized as follows. In Section 2, we write these problems in 
radial coordinates, then a change of variables leads to a Duffing equation with 
boundary conditions on the semi-infinite interval [0, +oo) that is more amenable 
to mathematical analysis. We moreover present our main results there. In Section 3 
we develop the existence and local uniqueness theory of weak solutions for small 
I A|, by applying the contraction principle. In Section 4, we prove higher regularity 
for these solutions. In Section 5, we use the upper and lower solution method to 
derive an explicit lower bound of the supremum of the solvability set of parameters 
A for which the problem is solvable. In Section 6 we show that no solutions exist 
for large A. Finally, in Section 7, we will draw some conclusions that are implied 
by our results. 


2. Radial problems 


The radial problem corresponding to equation ([ill reads 


(4) 


1 


,.7V-1 


[r^^-\Aruy]' = 


i-iY 


N - 1 
k-1 


1 


„Af-l 




where the radial Laplacian is given by Ar(-) = the radial 

coordinate r G [0,1]. Now integrating with respect to r, applying the boundary 
condition tt'(O) = 0 (the other boundary conditions for the Dirichlet problem are 
u{l) = u'{l) =0), and substituting v = u' we arrive to 


v” + 


N -1 


I 

V — 


N - 1 


-V = 


i-iY 


N - 1 
k-1 


rk — 1 


rN- 


pr 

^ Jo 


f{s)s^ ^ds, 


subject to the boundary conditions i;(0) = ^(l) = 0. The change of variables 
w{t) = —v{e~Y leads to the boundary value problem 


—w" + {N — 2)w' + {N — l)m 

< 

t(;(0) = m(+oo) 


+ JY f{s)s^~^ds, 

= 0 , 


where k,N£N,2<k<N, and t G [0, +oo[. 


(5) 


—w" + {N — 2)w' + {N — l)w = 

+ 

t(;(0) = ri;(+oo) = 


Finally we restate this problem as 


0 , 


where g(-) G T^([0,1]), which is the form we are going to analyze. 

The problem corresponding to Navier boundary conditions in the radial setting 
reads 


( 6 ) 


-w" + (N- 2)w' + {N - l)u; 

< 


+ 


;^g(7V 3)t je " 


r(;'(0) — {N — l)ri;(0) = w{+oo) = 0, 
after the same changes of variables have been carried out. 
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All along this work we will focus on low dimensions N = 2,3 and on quadratic 
nonlinearities k = 2. We do so because N = 4 is a critical dimension and k = 3 
is a critical nonlinearity for this model, in a sense that we will not make precise 
herein. We will leave the investigation of these cases for the future. Note also 
that we will consider the higher order symmetry condition u"'{0) = 0, which will 
constitute the fourth boundary condition, at all times. This condition is necessary in 
order to build an existence theory that is compatible with the Caratheodory notion 
of solution. 

These are the main results proven in this paper: 

Theorem 2.1. The radial equation (|4l) with k = 2, N = 2,3 and subject to ei¬ 
ther homogeneous Dirichlet or Navier boundary conditions possesses at least one 
solution in 1]) H ([0, l],r^~^dr) provided |A| is small enough. More¬ 

over, there exists an open ball in this functional space that contains the origin and 
strictly one solution. 

Proof. The same result with the solutions in 1]) n AC'^{[e, 1]) Ve > 0 is a 

direct consequence of the changes of variables above (note that the change of vari¬ 
ables that involves the independent variable is smooth and monotonic wherever it is 
defined) and the auxiliary results in the text that lead to Theorem 14.11 Remark l4~2l 
Theorem |43] and Remark 14^ 

To finish fhe proof we need fo consider fhe higher order symmefry condifion 
u"'(0) = 0. Nofe fhaf if is clear fhaf 



e 


Therefore we jusf need fo esfimafe 



for e small enough, where C is a posifive consfanf and we have used fhe higher 
order symmefry condifion in fhe firsf inequalify and fhe facf fhaf u £ 1]) in 


fhe second. 


□ 


Remark 2.2. We cannof conclude fhaf fhese fwo solutions belong fo fhe funcfional 
space ^(^^([0,1]) as fhe singularify in fhe origin prevenfs us fo gef fhis higher reg- 
ularify (nofe indeed fhaf ^(^^([0,1]) C 1]) n ([0,1], How¬ 

ever, if we looked for radial solutions in a ring rafher fhan a ball, fhen Theorem 12. II 
would sfill be valid buf fhis time fhe fwo solufions would indeed belonged fo 
AC‘^{[a, b]), where a and b are fhe inner and oufer radiuses of fhe ring respecfively. 
The proofs would follow analogously fo fhe corresponding ones in fhis work. Note 
fhaf in bofh cases fhe notion of solufion corresponds fo fhe Carafheodory one. 

Theorem 2.3. The radial equation dUl with k = 2, N = 2,3 and subject to ei¬ 
ther homogeneous Dirichlet or Navier boundary conditions possesses at least one 
solution in C'^([0,1]) H ([0,1], provided A is small enough. 
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Proof. This result is a consequence of Theorems 15.31 and I5.51 as well as the proof 
of Theorem l2.ll □ 

Remark 2.4. Note this result improves the previous one in the sense that A can 
be of arbitrarily large magnitude provided it is negative, at the price of loosing the 
non-degeneracy property near the origin. 

Theorem 2.5. The radial equation dUl with k = 2, N = 2,3 and subject to either 
homogeneous Dirichlet or Navier boundary conditions possesses no weak solu¬ 
tions provided A is large enough. 

Proof. The statement follows from Theorems 16. 3 1 and 16. 5 1 in the text. □ 

Remark 2.6. By weak solution we mean a function w that is square integrable 
together with its first derivative and obeys the equation in a suitable weak sense. 
For the precise definitions see the next section. Of course, non-existence of weak 
solutions implies non-existence of strong solutions in the sense of Theorems 12.11 
and l2.3l 


3. Existence results for k = 2 and N e {2,3} 


From now on we will employ the notation M_|_ 

d II • llcxD := II • ||l°o(r+)- 

We begin with some preliminary results. 



3.1. Dirichlet problem. In this subsection we focus on the problem 

r -w" + {N - 2)w'+ {N - l)w = 

(7) I + Xe(^-^^^jf'g{s)ds, 

[ w{0) = w{oo) = 0. 

Lemma 3.1. The function 


hi{t) = / g{s)ds, 


where g S L^(0,1), belongs to 27(7(R+) H L^(M+) if N 
N = 3. Moreover 


in either case. 


lim hi{t) = 0 

t^OO 


2 and to 72(7(M+) if 


Proof. Since g is Lebesgue integrable, then it is obvious that hi {t) is continuous, 
as it is the product of a continuous function and the composition of two continuous 
functions. For N = 2,3 we have 


e(Af-3)i 



ds 


< Ilfi'llLifO,!)- 


Since this bound is uniform in t we can take the supo<t<oo ori its left hand side to 
conclude hi{t) € i?(7(M+). 
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If = 2 then 


Therefore 


/■e * 

hi{t) = e~^ g{s)ds. 
Jo 


POO 

pe * 

e"* / g{s)d.s 

Jo 

Jo 


dt < 


fC 

lbllLi(0,l) 

Jo 


e * dt 


— lbllLi(0,l)- 


Finally, since N = 2,3 and g S L^{0, 1) we have 


\hi{t)\ < / |g(s)|ds—)• 0, as t —)• oo. 

Jo 


□ 


Remark 3.2. Actually hi{t) is slightly more regular, as hi G AC(R+) for = 3 
and hi G AC'(]R+) n -L^(M_|_) for N = 2. This follows from the fact that hi{t) 
can be regarded as the convolution of an absolutely continuous function with a 
function (e“*) that is both absolutely continuous and monotonic. We actually need 
this improved regularity in the proof of Theorem l2.ll 

From now onwards we will denote h\ = Xhi. As we will see in the following it 
is natural to work with /i— integrable functions, where g is the absolutely continu¬ 
ous measure uniquely defined by its Radon-Nikodym derivative dg = dt. 

Definition 3.3. Let v : M+ —)■ M. We define fhe norm 



We define fhe space as fhe complefion of C'^(M+) wifh respecf fo fhe norm 

II ■ lU- 

Lemma 3.4. The singular boundary value problem 

— w" + {N — 2)w' + {N — l)rt; = h\{t) + h*{t), 

r(;(0) = w{oo) = 0, 
h*{t) G L\R+), 


has a unique solution w G 


Proof. The unique solution is explicif and can be calculafed by means of variafion 
of parameters. 


rt 


-t poo 

w{t) = J /i(s) ds + J e^h{s)ds 


gN—i)t poo 


+ 


N 


I 


d^-N)s 


h{s) ds, 





RADIAL BIHARMONIC fc-HESSIAN EQUATIONS 


7 


where h{t) := h*{t) + h\{t). One can check that the formula above is well defined 
and fulfils the correct boundary conditions given the regularity of hx proven in 
Lemma [XT] It remains to prove that w G This is done separately for the cases 
iV = 2 and iV = 3. 

Step 1: = 2. In this case h G L^(M_|_). We can multiply our equation 

—w" + w = h{t) 

by w and integrate over [0, oo[ to get 

poo poo poo 

/ {w')‘^dt+ / w^dt= hwdt, 

Jo Jo Jo 

after integrating by parts and applying the boundary conditions. Now, by means of 
a Holder inequality and a Sobolev embedding we find 


f 


The facf thaf 


hw dt 


Ml = 


< ||/l||l|k||oo < C'l|/i||l||''T||77l(R+). 


'0 

in = 2 allows us fo conclude 


[{v Y + vY dt = ||ru||^i 


MlMCWHi- 


Step 2: N = 3. Now fhe equation reads 

—w" + w' + 2w = hx{t) + h*{t). 

Mulfiplying if by e~^w and infegrafing over [0, oo[ we find 

poo poo poo poo 

/ e~^{w'Ydt + 2 / e~^nYdt= / hxe~^wdt+ / h*e~^wdt, 

Jo Jo Jo Jo 

affer infegrafing by parfs and applying fhe boundary condifions. Now we can esfi- 
mafe 


f 


hx e dt 


< 


f 

f 

Jo 


Itul^e ^ dt 


ItuPe ^ dt 


1/2 

1/2 


POO \ 1/2 

dt ) 


which resulf from fhe application of Holder inequality. And for fhe term confaining 
h* we have 


f 


h* e dt 


< ||/i*||i||e rulloo < ^ 11 / 1*111116 

1/2 

\wfe-^Ut 
lo 


= C\\h*\\, 


poo 

/ \w'\ 
Jo 
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where we have employed, in this order, Holder inequality, a Sobolev embedding, 
the equality 






dt, 


which results from integration by parts and the application of the boundary condi¬ 
tions, and again Holder inequality 



pOO 

w'\^e~‘^^dt< / \w'\^e~^dt. 

Jo 


Rearranging both estimates we can conclude 


□ 


Now, we are able to prove the main result of this subsection. 


Theorem 3.5. The singular boundary value problem (I5]l possesses at least one 
solution w € Hj^for k = 2 and N € {2,3} provided |A| is small enough. 

Proof. Fix 01, </>2 £ Hj^. Then it is clear, by Lemma [T4l that the linear boundary 
value problem 

-w'- + {N - 2)w^ + {N - l)wi = 

+ Jq g{s) ds, 

Wi{0) = Wi{oo) = 0. 

has a unique solution wi £ for i = 1,2. Subtracting both problems, for 
W 3 := wi — W 2 , one finds 

-^3 + (iV - + (iV - 1)^3 = 


W 3 { 0 ) = W 3 {oo) = 0. 

Step 1: = 2. In this case 0i, 02, W 3 G and 

-w'^ + W3 = - (pl). 

Multiplying this equation by W 3 and integrating over [0, oo[, and then integrating 
by parts and applying the boundary conditions yields 


POO POO POO 

= / {W 3 fdt+ wldt = - e~\4>l-(j)l)w3dt 

Jo Jo ^ Jo 

POO 

< / 101 - 02| 101 + 02| kal Cff 

Jo 

1/2 / 1-00 \ 1/2 
|2 


— (1101 ||oo “h 110211 00 

< C(||0it + ||02|U) 


'(/: 


W 3 dt 


101 - 02| dt 


'0 






RADIAL BIHARMONIC fc-HESSIAN EQUATIONS 


9 


where the inequalities come from two different Holder inequalities in the first and 
second cases (combined with a triangle inequality in the second), and a Sobolev 
embedding in the third. So we conclude 


< C'(ll</>ilU + ll</>2lU) Ui - 02lU- 

Step 2: N = 3. In this case the equation for reads 

—m 3 + + 2 w 3 = e ^{(fi — 02 )- 

Now we multiply this equation by e~^w^ and integrate over [0, oo[; after integrating 
by parts and applying the boundary conditions we get 

poo poo poo 

\\w3\\l < / (m3)^e“*(if + 2 / wle~^dt= - 4 >l) W 3 dt 

Jo Jo Jo 

poo 

< / |(/>i - ())2| |(/>i + ())2| Imal df 

Jo 


< 




h\ 




dt 


1/2 


ciUih + II</>2|U) IkslUII'/'i - 


1/2 


where the inequalities come from introducing the absolute value inside the inte¬ 
grand in the first case, a Holder inequality combined with a triangle inequality in 
the second one, and finally, in the third, the Sobolev embedding 

||0ie“*||oo < C'||(/'ie“*||/ri(K+), for i = l,2, 

combined with 

/ roo \ 1/2 / poo \ 1/2 

for i = 1, 2, where the equality comes from integration by parts and the application 
of the boundary conditions, and the inequality is Holder inequality. So we conclude 
again 

IkalU < C'(ll</'ilU + ll</>2|U) - 02|U. 

Step 3: Banach Fixed Point Theorem. Following Step 1 and 2 we know 
that 


(8) \\wi - W2\\^, < C (||(/>l||^ + \\(t>2\\^l) ll'/'l - 02|U, 

for both N = 2 and N = 3. Now consider 

I -Wq + (N - 2)wq + (N - l)wo = /g g(s} ds, 

I mo(0) = mo(oo) = 0. 

It is clear that the unique solution to this problem fulfils 

||i«olU < CIAI ||/ia||i for N = 2, 

Ilii^olU < C'lAI ||/ia||oo for iV = 3, 
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which is a direct consequence of Lemma [l!4l Now we choose 4>i,(l)2 £ ■S, where 

B:={ipG ||(/?-u;o|| < p}, 

is the ball of center wq and radius p in the Banach space The triangle inequality 
allows us to translate (HJl into 


\wi-W2\\f, < C'(p+ lluioll^) 1101 - </>2|U 


(9) 

Note also 


< 


C(p + |A|||/ia||i)||0i-02 |U for N = 2 

C'(p+|A| ||/ia||oo) 1101 - 02lU for N = 3 ' 


\wi-wo\\i, <C\\(t>i\\l for i = l,2. 


The triangle inequality leads again to 

lki-'»^olU < (^11001^ < C'(/9+ lllUolU)^ 


( 10 ) 


< 




for 

for 


N = 2 
N = 3 


C + X‘^\\hx\\loj 

For any cp £ B,v/e define the nonlinear operator 

T:B B 

p I—> T{p) = w, 
where w is the unique solution to 

-w" + {N - 2)w'+ {N - l)w = ^e-V^ 

+ ' g{s)ds, 

m(0) = m(oo) = 0. 


The operator T so defined is well-defined (in the sense that it is bounded in the 
ball B) by (fTOl) and contractive by (|9ll provided p and |A| are small enough. Con¬ 
sequently, by the Banach fixed point theorem, there is a unique fixed point of T, 
which in turn solves ([S]). □ 


Remark 3.6. The ball B contains the origin of provided | A| is small enough. 


3.2. 

( 11 ) 


Navier problem. In this subsection we concentrate on the problem 

—w" + {N — 2)w' + {N — l)r(; = 

+ fg g{s) ds, 

w'(0) — (N — l)w(O) = u;(-|-oo) = 0. 


We will adapt the arguments in the previous section to the present setting. First 
we need to slightly modify our functional framework. 


Definition 3.7. We define fhe space 70^ as fhe set of all measurable functions 
V : M+ —>■ R with a finite norm || • ||^. 


Remark 3.8. In principle it is not evident how it is possible to look for weak so¬ 
lutions of problem (fTTl) in the functional space Unlike problem (|7]), which 
solutions are continuous on bounded intervals as can be deduced by Sobolev em¬ 
bedding, in the present case we should look for a different interpretation of the 
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boundary condition involving one derivative evaluated at the origin. Note that for 
w € the nonlinearity in problem (fTTl) is summable and therefore we can turn 
this differential equation into an integral one via the use of the variation of cons¬ 
tants formula below in (fT^ . We can give in this way a rigourous meaning to the 
quantity r(;'(0). 

Lemma 3.9. The singular boundary value problem 

— w" + {N — 2)w' + {N — 1)?/; = h\{t) -|- h*{t), 
w'{Q) — {N — l)r(;(0) = w{oo) = 0, 
h*{t) e L\R+), 


has a unique solution w G 


Proof. The unique solution is explicitly given by the variation of constants formula 

p-t ft p{N—l)t foo 

(12) w{t) = — e^h{s)ds^ -—— / h{s) ds, 

t/ 0 t 

where h{t) := h*{t) + hx{t). It is easy to check that this solution is well defined 
and fulfils the correct boundary conditions. 

Step 1: N = 2. We have h G Testing the equation against w we find 


POO 

w{0f+ / {w')' 

Jo 


POO POO 

‘ dt + I dt = J hw dt, 


>0 JO 

as a result of integration by parts and the application of the boundary conditions. 
The Holder inequality and Sobolev embedding 

roo 

hwdt < ||/i||i||tc||oo < C'||/i||i||u;||j:^i(R^). 


f 


lead us to 

\Mt.<c\\h\\i. 

Step 2: = 3. In this case we test the equation against e~^w to get 


POO POO 

2 t(;(0)^ + / dt + 2 / e~^w^ dt 

Jo Jo 


POO 

/ h\ e~^w dt + 
Jo 


f 


h* e ^wdt, 


after integrating by parts and applying the boundary conditions. For the first sum¬ 
mand on the right hand side, one has 



h\ e dt 




1/2 
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as a consequence of Holder inequality. For the second summand, we can establish 
the estimate 

roo 


f 


h* e dt 


< ||/i*||i||e ‘rc||oo < <^ 11 / 1*111116 *'w 

1/2 


= c\n 


POO 

/ l«^'l 

Jo 


2-2t 


dt 


+ C||r||i|u;(0)| 


< C||/i*||i||m||^ + C7||/i*||im0)|, 

which follows from the application of Holder inequality, a Sobolev embedding, the 
equality 


POO POO 

/ [\{e~^ w)'+ {e~*w)‘^]dt = 10(0)“^ + / \w'\ 

Jo Jo 




which is a consequence of integration by parts and the application of the boundary 
conditions, together with the sublinearity of the square root, and a new Holder 
inequality 

POO POO 

/ dt < / \w'\‘^e~^ dt. 

Jo Jo 

We just need to estimate 


and thus 


POO POO 

( 0 ) = — / [w{t)e~^]' dt = / [w{t)e~^ — w'{t)e~^] dt, 

Jo Jo 

POO 

116 ( 0)1 < / [\w{t)\+ \'w'{t)\] e~^dt 

Jo 

r POO 

< '^\j [\w{t)\'^+ \w'{t)\'^]e~^dt 


□ 


where we have used, in this order, the triangle. Holder and Young inequalities. 
Rearranging all estimates allows us to conclude 

\\w\\^<Ci\\h*\\l + \\hx\\oo). 

Now we proceed to the main result of this subsection. 

Theorem 3.10. The singular boundary value problem CU) possesses at least one 
solution w G Hj^for k = 2 and N G {2,3} provided |A| is small enough. 

Proof. Fix 01,02 S Then e“*0f G L^(M+) and by Lemma [T9] there is a 
unique solution to 

-w'' + {N -2)w'i + iN -l)wi = 

+ g{s)ds, 

wJO) = wjoo) = 0. 
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such that Wi G for z = 1,2. Subtracting both problems and denoting W 3 := 
wi — W 2 we find 

( + {N - 2)w' 3 + {N - l)w 3 = 

\ W3{0)=W3{oo) = 0 . 

Step 1: N = 2. Arguing as in the proof of Lemma [3]9] we get 


^ < 
M — 


< 


roo POO 

w^3(0)^ + / (103)^ (if + / w^dt 

Jo Jo 

1 r°° 

^ Jo “ *^ 2 ) 

POO 

/ \4>i - h\\4>i + hWiJ^oldt 

Jo 


< 


llloo + \\ 4 > 2 \ 


■>(J. 


00 \ 1/2 / /*oo 

rcl dt 


\4>i 


'0 


< C (||(/il||u + \\<l>2\ 


- (t>2\\^lJ 



1/2 


where the last three inequalities are, respectively, Holder inequality, another Holder 
inequality acting together with the triangle inequality, and a final Sobolev embed¬ 
ding. Summing up 


IkalU < C (||(/>i||^ + \\(t)2\\^l) \\(l>i - 02lU. 

Step 2-. N = 3. Following again the proof of Lemmawe find 


2 < 

M — 


< 


ml e ^ dt 


< 


POO P 

2w{0f + / {w'^f e-^ dt + 2 / 

Jo Jo 

POO 

/ - (j)l) W3 dt 

Jo 

POO 

/ \4>i - hi 101 + 02| e“* Imal dt 

Jo 

>u 


1 C 11 00 “h 1102 C 1 100 ) 


101 - 02pe ^ dt 


00 \ 1/2 

2 


w^e 


1/2 


< C'(||0i|L + ||02| 


At||01 - 02|U, 


where the last two inequalities are a Holder inequality applied simultaneously with 
a triangle inequality, and then the Sobolev embedding 

||0ie“*||oo < C'||0ie“*||j:^i(K+), for i = l,2, 
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combined with 


6 l|jTi(R+) ^ l</’*(0)l + 


< |</>i(0)| + 


< 




/\2 -2t 


\ 1/2 


dt 




\ 1/2 

dt ) 


iM) 


^1 +V2 

for i = 1, 2, which is a calculation analogous to that in the proof of Lemma IX9l 
These estimates lead us again to 

IkalU < C (||(/iilU + ll</>2lU) Ui - H\i^- 

Step 3: Banach Fixed Point Theorem. We have already obtained 

(13) - 'W 2 IU < c{\\4>l\\^l + ll</'2lU) \\4>i - hWfi, 

for Ai = 2,3. The linear problem 

f -Wq + {N - 2)wq + {N - l)t(;o = /J g{s) ds, 

I t(;o(0) -{N - l)mo(O) = tco(oo) = 0. 

has a unique solution in Hj^ such that 

IliPolU < CIAI ||/ia||i in N = 2, 

llinoll^ < CjAl ||/ia||oo in iV = 3, 

as can be deduced from Lemma [3/9l We select 4>1j4>2 S ■S for 
B:= {if e Hj^lWip -woW <p}, 

being the ball of center wq and radius p in the Banach space Hjj^. By the triangle 
inequality we may transform ([T^ into 


\wi-W2\\f, < C(p+ ||u.u||,i 

C (p + |A| 
CCp+IAI 
and this particular version of ([T3]) 


(14) 


< 


1 - 4 > 2 \\ii 

1 ) Hi - </>2lU 


00 


) Hi - HI 




m 

in 


N = 2 
N = 3 


\wi - woWf, < CHiWl for / = 1,2, 


into 


(15) 


Wi-woWf, < CHi\\l<C{p+\\wo\\f,f 

( C{pHX^hHi) in N = 2 

- { C(p2 + a2||/ia||^) in iV = 3 


where we have employed Young inequality in the last step. Lets define now, for 
any p £ B, the nonlinear operator 


T:B 


B 

T{p) = w, 
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where w is the unique solution to the singular boundary value problem 

r -w" + {N - 2)w'+ {N - l)w = ^e-V^ 

I + g{s)ds, 

[ ui(0)' — {N — l)r(;(0) = w{oo) = 0. 

For sufficiently small p and | A| the operator T is both well defined, i. e. bounded in 
fhe ball ^8, as a consequence of (fTSl) . and confracfive as a consequence of (fT4l) . The 
exisfence of a unique fixed poinf of T, which in furn is a solufion fo problem (fTTl) 
wifh N = 2,3, follows from fhe Banach fixed poinf fheorem. □ 

Remark 3.11. The origin of Hj^ is confained in fhe ball B given fhaf |A| is suffi- 
cienfly small. 


4. Regularity results for k = 2 and N € {2,3} 

4.1. Dirichlet problem. We have already proven fhe exisfence of af leasf one 
weak solufion fo fhe singular boundary value problem 

( —w" + [N — 2)w' + [N — l)r(; = 

(16) < + g(s) ds, 

[ w{0) = w{oo) = 0, 

in fhe previous secfion. In fhe presenf subsection we prove higher regularity for 
fhis fype of solution. 

Theorem 4.1. Weak solutions to this singular boundary value problem actually 
belong to the space (7^(1^+) n FF^’P(M+) 'i2<p<oo if N = 2 and (7^(1^+) n 
W^’P{R+,e-^dt)y2 <p<QoifN = 3. 


Proof. Firsf note fhaf 

||tt ||2 = sup V u G 

IIV'l|2=l 

where (•, •) denotes fhe scalar producf in and 

||u ||2 = sup V u G L^(M+, eft), 

11 ^ 11^=1 


where || • II 2 and (•, ■)' denote fhe norm and scalar producf in e~^ df) re¬ 

spectively. 

Step \\ N = 2. Take fhe sup||^|| 2 =i(V') •) on bofh sides of fhe equation fo find 
||m "||2 = sup sup + sup , e~*'up') 


||2 = 1 


||2 = 1 


2 = 1 


+ |A| sup (V',e ^ / g{s)ds\ 

Uh=i \ Jo / 

re-*- 

/ 9{s) 

Jo 


< l|in||2 + + |A| 


ds 


2 
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where we have employed the triangle inequality in the first step and Holder in¬ 
equality in the second. Note the right hand side is finite since w G L^(M+) and 
fg g(s) ds G L^(M_|_) by interpolation. So w £ On the other hand 

we have 


-w" = -w + -h Ae * 


re * 

/ gis)ds, 
Jo 


with all terms on the right hand side belonging to HC(M+). The result follows by 
interpolation. 

Step 2: N = 3. Now take the sup||^||^=i(r/;, ■)' on both sides of our equation 
to get 


|u ;''||2 = sup {ip,—w''y< sup {'4),—w')'+ sup {'4>,—2w)' 


;=i 


^=1 


;=i 


+ sup (r/),e *rr;^)' + |A| sup ('4’, [ 9 {s)ds\ 

IIV'll'2 = l IIV'II'2 = 1 \ JO / 

POO 

— 11^^112 + 2|l^ll2 + / e~‘^^w{ty'4>{t) dt 

\\M\'=iJo 


+|A| sup / e tpit) 


11^=170 


r 9is) 

Jo 


ds 


dt, 


where we have used the triangle inequality. From the proof of Lemma lTdl it is clear 
that me"* G L°°(M_|_). Therefore 


f 


e ‘^^w'^'tjjdt 


< 


. \ 1/2 

dt\ < ||e“*m||oo||ii'||2) 


where we have used Holder inequality in both steps, so it is a bounded quantity. 
Finally 


POO 

/ 

Jo 

re * 

/ g{s) ds 
Jo 

dt 

< 


1 poo 

pe 

-t 

2 ^ 

1/2 

pe ^ 

U 

L 

g{s) ds 

dt 


< 

/ g{s)ds 

Jo 


after the iterative application of Holder inequality. Therefore w G (M+, e"* dt) 
and, noting that this norm is equivalent to the standard Ff^(M_|_) norm on compact 
intervals of M_|_ and invoking the corresponding Sobolev embedding, we find w G 
C^(M+). Going back fo fhe equation 

re~* 

—w" = —w' — 2w + e“*m^ + ds, 

Jo 

we can check fhaf all ferms in fhe righf hand side are confinuous and fhus w G 
C'^(M+). The sfafemenf follows again by inferpolalion. □ 
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Remark 4.2. Taking into account that the solutions fulfill the boundary conditions 
it follows that w G i?C^(M+) for both N = 2,3. Also, invoking Remark [T2l and 
arguing like the proof of the previous theorem it is clear that w G for 

both N = 2,3. 


4.2. Navier problem. The higher regularity of the solutions to problem 

7- 
2 

(17) 


+ Ae(^ £ g{s)ds, 
w'{0) — {N — l)ri;(0) = w{+oo) = 0, 

follows analogously to the result in the previous section. 

Theorem 4.3. Weak solutions to this singular boundary value problem actually 
belong to the space (7^(1^+) H '^2<p<oo if N = 2 and (7^(1^+) n 

W^’P{R+,e-^dt)y2 <p<ooifN = 3. 

Proof. Step 1: = 2. Following the previous section we take the sup||^ll 2 =i ('?/), •) 

on both sides of the equation to find 

||u )''||2 = sup sup {'ijj,—w) + - sup 


l|2 = l 


||2 = 1 


2=1 


+ |A| sup g{s) 

Uh=i \ Jo 


ds 


< ll^^lb + + |A| 


—t 


pe * 

/ 9{s) 

Jo 


ds 


affer fhe use of the triangle and Holder inequalities respectively. The right hand 
side is finite because w G L^(M_|_) and e~* £ g(s)ds G L^(M+) as can be 
deduced by inteipolation. Then w G ff^(R+) and 


I re 

-w" = -w + -e~^w^ + Ae“* 


[ 9is)ds, 

Jo 


where all the summands on the right hand side are uniformly continuous, so the 
statement follows by interpolation. 

Step 2: N = 3. Again we take the sup||^||/^=i('!/), •)' on both sides of our 
differential equation to find 

||'u ;''||2 = sup {ip,—w")'< sup {'f,—w')'+ sup {'f,—2w)' 


;=i 


^=1 


712 


= 1 


+ sup {f>,e ‘t(;^)' + |A| sup {'4’£ 9 {s) ds 

Jo , 


ll'2 = l 


ll'2 = l 


POO 

= 11^^112 + 2||7c||2 + sup / e~‘^^w{ff‘'f{f)dt 

U\\'=iJo 


+|A| sup / e ipf) 


11^=1 70 


r 9{s) 

Jo 


ds 


dt, 
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after invoking the triangle inequality. The proof of Lemma lTQl implies that we ^ £ 
L°°(M+), and thus 





< 


e 


\ 1/2 

dt\ < 


\e ^w\ 


\w 


1/ 

l2) 


after invoking twice Holder inequality. Again a double application of Holder in¬ 
equality leads to 


roo 


/■e-* 



e-V(f) 

/ 9 {s) ds 

dt 

Jo 


Jo 



1 /*oo 

/*P 

-t 

2 ^ 

1/2 

/ 

/ 

g{s) ds 

dt 


Wo 

Jo 


) 


have proven w 

£ H^{^+,e 



< 


< 


r 9{s) 

Jo 


ds 


norm on compact intervals of M_|_, and thus a suitable Sobolev embed¬ 
ding shows w £ C^(M+). If we consider again our equation 


—w 


= —w' — 2w + e -f A 


gis)ds, 


Jo 

it is clear that all the summands in the right hand side are continuous and conse¬ 
quently w £ C^(M+). We conclude by interpolation . □ 


Remark 4.4. Appreciating the obvious fact that the solutions to our singular bound¬ 
ary value problem obey the boundary conditions then we necessarily have w £ 
for both N = 2,3. Moreover, an argument akin to that in the proof 
of Theorem 14.31 together with Remark [T2] shows that w £ AC'jq^(R+) for both 
N = 2,3. 


5. Existence via upper and lower solutions 

5.1. Dirichlet problem. In this subsection, we are going to present an alternative 
approach for the existence of solutions of the Dirichlet problem ([Til with N = 2,3 
based on the method of upper and lower solutions. For basic definitions, we refer 
to ll26l . For convenience, we define fhe operators 

Cw := —w" + {N — 2)w' + {N — l)w, 

Nw := -e w , 


r g{s) 
Jo 


ds. 


and recall fhe definition 
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Lemma (34] provides a well-defined inverse operator £ 
below. The concrete expression of such operator is 


/ oo 

h{s) ds. 




N 


poo 


which will be used 

e® h{s) ds 


Lemma 5.1. The function a = A£ ^hi{t) is a lower solution of Q. 
Proof By the positivity of operator M, we have 

Ca = Xhi{t) < J\fa + 


□ 


Note that, as defined above, a(0) = 0 = a(+oo). 

Lemma 5.2. Take a constant /3 > 0 such that 

(18) {N — l)/3 > —- —+ \hi{t), for all t > 0. 

Then, fd is an upper solution of © and a{t) < fd for all f > 0. 

Proof Trivially, Cfd = {N — l)/3, then condition (fT^ reads 

Cfd > —^— 0^ + Xhi{t) > — - —e + Xhi{t), 

that is, fd is an upper solution. Besides, the operator C~^ is linear and positive, 
hence 

jd > ^^ ^ + XC~^hi{t) > a{t). 

□ 

Note that condition (fT^ holds for any 0 < /3 < 2 if A is small enough, depend¬ 
ing on jd. The optimal choice is /3 = 1, for which condition ([T^ reads 

iV - 1 

(19) Xhi{t) < —^—, for all t > 0. 

Theorem 5.3. Under the hypothesis (1191 ). problem © has at least one solution. 

Proof Lemmas l5 .1 1 and l5^ provide a couple of well-ordered lower and upper so¬ 
lutions. The upper solution is /3 = 1. Then, Theorem 4.1 of |[26l assures the 
existence of a solution w £ i?C^(]R+) of the equation such that 

a{t) < w{t) < (d = 1 for alH > 0 

and rt;(0) = 0. It remains to check the condition at -boo. To this aim, let us observe 
that 

w{t) = —^— C~^e~^'uP‘ + XC~^hi{t) < —^-|- XC~^hi{t). 
From the properties of C~^, it is trivial that u)(-|-oo) = 0. □ 










20 


C. ESCUDERO, P. J. TORRES 


Remark 5.4. Note that Theorem 15.31 is of a different nature that the results pre¬ 
sented on Section 3, that are based on the contraction principle. We lose the in¬ 
formation about uniqueness near zero, but on the contrary condition (IT^ provides 
a global bound for the interval of A where the problem is solvable. In particular, 
observe that such condition is void if hi{t) < 0 for f > 0. In section 6 we present 
a complementary result. 

5.2. Navier problem. In this case we cannot directly use reference 1261. Instead 
we will build the iterative procedure typical of the method of upper and lower 
solutions directly ifT^ . We will borrow the notation from the previous subsection 
and the explicit formula for C~^ from subsection 13.21 where this integral operator 
is shown to be well-defined. 

Theorem 5.5. Under the hypothesis (1191) . problem dill) has at least one solution. 

Proof. Step 1: Existence of lower solution. We claim the function Q;(f) = 
\C~^hi{t) is a lower solution of (fTTI) . Define 

( -w'l + {N - 2)w'j^ + {N - l)wk = ^e-^wl_^ 

(20) < + g{s) ds, 

{ w',^{0) - {N - l)wk{0) = Wki+oo) = 0, 

for A; € N where wq = a. It is clear that 

wi = C~^Afa -|- XC~^hi > XC~^hi = a, 

due to the positivity of C and M. Now assume Wk > Wk-i and compute 

Wk+i{t) - Wk{t) = C~^Mwk-C~^Mwk-i 

Therefore by induction we conclude 


a < mi < • • • < Wk-i < Wk < ■ ■ ■ ■ 


Step 2: Existence of upper solution. Eor any constant /3 > 0 such that 

{N — l)/3 > ^ ^ ^ flP + Xhiif), for all f > 0, 

we have a{t) < jd for all f > 0 (note that the set of all constants /3 fulfilling this 
inequality is nonempty for A small enough). Indeed 


/5> 


iV- 1 


C ^fi‘^ + XC ^hi{t) > a{t), 


2 
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since Cfi = {N — l)/3. Now assume Wk < /3 and compute 

(3 — Wk+i > — C~^Mwk-i 

= ds + 

e(^-i)‘(7V- 1) 


2N 


i: 


e [/ 3 ^ — Wk{s)'^] ds > 0 . 


Therefore by induction we find 


(21) a < rci < • • • < Wk-i < Wk < ■ ■ ■ < /3. 

Note again that the optimal choice is /3 = 1, for which condition (fT^ translates 
into (fT^ . 

Step 3: Convergence. We define 


w{t) := lim Wk{t), 
k^oo 

which is well defined by monofonicity and boundedness of the sequence, see (l2TI) . 
Moreover, we may invoke the dominated convergence theorem to see Wk ^ w 
in e~^dt). By the proof of Lemma lT9] we know the set Wk is uniformly 

bounded in Hj^ and therefore it possesses a weakly convergent subsequence in this 
space. Therefore we can safely take the limit /c —)• oo in equation (l20l) . One can 
see that the boundary condition at +oo is obeyed by w exactly as in the proof of 
Theorem 15.31 while the boundary condition at the origin follows from the formulas 

roo 

Wk{0), w'i,{0) (X / e~^^Wk-iisf ds +C, 

Jo 

where the proportionality constant as well as the constant C are fe—independent. 
Finally, the higher regularity is obtained as in subsection 14.21 □ 


6. Non-existence results eor k = 2 and N g {2,3} 

This section is devoted to prove the non-existence of weak solutions in the same 
sense as in section [3l i. e. in and respectively, to the singular boundary 
value problems under consideration. The key assumption is a large enough A > 0. 

6.1. Dirichlet problem. 

Lemma 6.1. The initial value problem 

( —w" + {N — 2)w' + {N — l)ti; = 

< -h ' g{s)ds, 

[ ri;(0) = 0, r(;'(0) = wq. 

has a solution that fulfills limj^co w{t) = 0 only ifwo < e^^~^'l^hx{s)ds. 

Proof. Note that the solution to 
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reads 


v{t) = - l)w^o + V / (^"hx{s)d. 


p{N—l)t ft 

IS -— / e^^~^^^hx{s)ds, 


N 


10 


where 


fe ‘ 

h\{t) = Xe^^~^^^ g{s)ds. 
Jo 

Then w{t) > v{t) and limt^oo v{t) = +oo provided 


fC 

Wo > e^^~^'^^hx{s)ds. 

Jo 


□ 


Remark 6.2. The initial condition t(;'(0) is interpreted in the same sense as in 
subsection 13.21 

Theorem 6.3. The singular boundary value problem 

-w” + {N - 2)w'+ {N - l)w = 

+ Jo g{s) ds, 

w{0) = w{oo) = 0. 

has no solutions provided g > 0, ess sup g > 0 and X > 0 is large enough. 

Proof. We can rewrite this boundary value problem as 

p-t ft -t fOO 

w{t) = — e^(l - e"^®) h{s) ds + “ 1) h{s) ds, 

by Lemma lT4l where h{t) = h*{t) + hx{t) and 

N - 1 


h* = 


-e 


hx = Xe^^ [ g{s)ds, 
Jo 


see subsection IQ From this formula it is clear that w{t) > 0Vf > 0 under the 
hypotheses of the statement. Moreover we have 


w{t) > ^ J e%l-e ^^)hx{s)ds 

p-t fC 


+- 

=: Xh{t), 


fl-N)s 


hx{s) ds 
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and therefore w{t) > X h{t) for a function h{t) > 0 Vf > 0, linit^oo h{t) = 0 and 
/i(0) = 0. This implies 


w{t) > ^ r e%l-e-^^)h*{s)ds 

J 0 


o —^ 


^ Jt 


> A 


2(iV-l)e 


-t nt 




+X 


2N 

2{N — l)e * jv^ 




2Ar 


(e'"*-l) J e-‘''^h\s)ds. 


A straightforward calculation yields r(;'(0) > C for 

N — 1 r°° 

C = - / /i2(s) ds > 0. 

2 Jo 

Note that, under the hypothesis of the statement, Lemma IQ] implies that a neces¬ 
sary condition for the existence of solution is ri;'(0) < C'X for some C > 0. The 
desired conclusion follows as a consequence of these two facts. □ 


6.2. Navier problem. 

Lemma 6.4. The initial value problem 

( -w” + {N - 2)w'+ {N - l)w = 

I + ' g{s)ds, 

[ u;(0) = Wo, w'(0) — (N — l)w(O) = 0. 

has a solution that fulfills limt_>.oo 'w{t) = 0 only ifwo < N~^ e^^~^^^h\{s)ds. 

Proof. Notice that the solution to 

f -n" + (iV - 2)i;'+ (iV - l)i; = hx{t) 

\ u(0) = wq, u'(0) — {N — l)n(O) = 0, 

is given by the formula 

—t ft JN—l)t ft 

v{t) = e^’^~^'>^wo +— J e^hx{s)ds - —— J e^^~^'>''hx{s)ds, 

where 

fe~* 

hx{t) = Xe^^~^^^ g{s)ds. 

Jo 

Therefore w{t) > v{t) and linii^oo y{t) = +oo if 

1 

wo> — J e^^~^^^hx{s)ds. 

□ 
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Theorem 6.5. The singular boundary value problem 

—w" + {N — 2)w' + {N — l)w = 

< + g{s) ds, 

w'{0) — {N — l)u;(0) = w{oo) = 0. 

has no solutions provided g > 0, ess sup g > 0 and X > 0 is large enough. 


Proof. Again invoking the Green function we find 

-t ft (N-l)t l-QO 

w{t) = — e®/i(s)(is + ——— / h{s)ds, 

t/ 0 'J t 

by Lemmawhere hit) = h*{t) + h\{t) and 


h* = 


N - 1 


e 


hx 


Ae('^-3)* / g{s)ds, 


Jo 

see subsection 13.21 From here it is obvious that w{t) > OVf > 0 under the 
hypotheses of the statement. Furthermore we know 

/■°° , 

w{t)>—J e^hx{s)ds^ - — — hx{s) ds =: Xh{t), 

and consequently w{t) > Xh{t), where h{t) > OVf > 0 and limi_j.oo ^(f) = 0. 
In turn this implies 

-t rt (tV-l)t roo 

Mt) > -le-k-(s)ds + —l 

> A2^^e-‘ f'h\s)ds + X^^^e(^-^^^ H e-^^h\s)ds. 

- 2iV io 2iV Jt ^ ^ 

Evaluating this inequality at f = 0 yields r(;(0) > A^ C for 


C = r I? {s)ds>Q. 

2N Jo 

Notice that, under the hypothesis of the statement, Lemma iGdI savs that a solution 
only exists if r(;(0) < C'X for a positive C'. The statement is a consequence of 
these two inequalities. □ 


7. Conclusions 

The elliptic problem we have considered in this work, equation ([1]), describes 
the stationary solutions of a model in the theory of non-equilibrium phase tran¬ 
sitions ifT^ [T^ . One of the most important models in the theory of equilibrium 
phase transitions is the Ginzburg-Landau equation 131171. The number of station¬ 
ary solutions to this equation changes from one to three as some parameter varies, 
a fact that is related to the presence of a phase transition. The existence theory for 
equations like ([I]) is far less obvious than for equations like the Ginzburg-Landau 
one, and it could be related to the presence of non-equilibrium phase transitions. 
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Still, we have found that there exists at least one solution to the boundary value 
problem under consideration provided the pai'ameter A is negative, zero or a small 
positive real number. On the other hand, if this parameter is positive and large 
enough, no solutions exist. Whether this signals the presence of a phase transition 
for a critical value of A, is a subject still to be investigated. Although our present 
results are promising in this direction, more work has to be done in order to certify 
this possibility. 
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